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I. PINNING FORCE CORRELATOR AND
DISORDER STRENGTH

In this section, we detail how we generate the
quenched random potential Vp(y, u) and its associated
pinning force Fp(y, u) ≡ −∂uVp(y, u). We recall that
the interface is parametrized by the univalued displace-
ment field u(y, t), with the internal coordinate y tak-
ing discrete values y = j∆y (where j is an integer,
j = 0, . . . Ly/∆y), and the transverse coordinate u tak-
ing continuous values. We consider a disorder with
Gaussian distribution fully characterized by a zero mean
and the two-point correlators:

Vp(y1, u1)Vp(y2, u2) = DRξ(u2 − u1) δy2y1 ,

Fp(y1, u1)Fp(y2, u2) = ∆ξ(u2 − u1) δy2y1 ,
(1)

where · · · denotes the average over disorder realiza-
tions. We chose the normalization

∫
R duRξ(u) = 1, and

the correlators are simply related by ∆ξ(u) = −DR′′ξ (u).
In the following, we thus make explicit the functional
∆ξ(u) and the disorder strength D.

∗ Corresponding author: Nirvana.Caballero@unige.ch

Figure 1. For a fixed coordinate y, the random po-
tential Vp(y, u) is generated by a linear interpolation be-
tween random numbers taken from a uniform distribution
with zero mean (orange crosses). The associated pinning
force Fp is obtained from the associated piecewise derivative
Fp(y, u) = −∂uVp(y, u).

A. Generating a spatially-correlated disorder

The pinning potential Vp(y, u) is defined indepen-
dently for each discrete value of the coordinate y, so that
in what follows, one fixes y and considers only the coor-
dinate u. The procedure to generate the correspond-
ing quenched ‘landscape’ U(u) ≡ Vp(y, u) at fixed y,
spatially-correlated with a finite correlation length ξ, is
the following (see Fig. 1). We first discretize the direc-
tion u with fixed steps ∆u = ξ. A random number Uk
is generated independently at each site u = k∆u (with
k an integer) from a probability distribution function
P(Uk) of zero mean.

Then, on every interval u ∈ [k∆u, (k + 1)∆u] (i.e. one
has k = bu/∆uc) the random pinning potential is de-
fined as a linear interpolation between Uk and Uk+1:

U(u) = Uk +
Uk+1 − Uk

∆u
(u− k∆u) . (2)

One can easily check that, as required, this defini-
tion satisfies U(k∆u) = Uk and U((k + 1)∆u) = Uk+1.
The associated pinning force Fp(u) = −∂uU(u) is finally
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given by the discrete derivative

Fp(u) = −Uk+1 − Uk
∆u

(3)

with k = bu/∆uc as above.
For our simulations we sort each reference value Uk

from a uniform distribution on the interval [− ε
2 ,

ε
2 ], with

ε > 0. It has consequently a zero mean and a variance

D0 ≡ (Uk)2 =
ε2

12
. (4)

To keep the discussion general, thereafter we generically
denote the variance of Uk as a control parameter D0. In
addition, we discuss in Sec. III how choosing an alterna-
tive distribution P(Uk) (non-uniform but with the same
variance) leads to physically consistent results.

B. Piecewise linear force correlator

We start by defining the intermediate two-point cor-
relator of the force as

∆
(2)
ξ (u1, u2) = Fp(u1)Fp(u2) . (5)

Because it is associated to the specific set of intervals
u ∈ [k∆u, (k + 1)∆u] with k = bu/∆uc, it is important
to notice that it is not invariant by translation along the
u direction. Indeed, pairs of points (u1, u2) separated by
a same distance u = u2 − u1 can either lie in the same
interval [k∆u, (k + 1)∆u] or not.

One has in fact three possibilities: if (u1, u2) are

• in the same interval, one has

∆
(2)
ξ (u1, u2) = 2(Ui)2 =

2D0

∆u2
; (6)

• in adjacent intervals [(k − 1)∆u, k∆u] and
[k∆u, (k + 1)∆u]:

∆
(2)
ξ (u1, u2) = −(Ui)2 = − D0

∆u2
; (7)

• in more distant intervals [k∆u, (k + 1)∆u] and
[j∆u, (j + 1)∆u] with |k − j| ≤ 2:

∆
(2)
ξ (u1, u2) = 0 . (8)

And from now on we use that ξ = ∆u to emphasize the
explicit dependence on the correlation length ξ.

To recover a translation-invariant correlator, as re-
quired in the definitions (1), one must average the in-
termediate correlator ∆

(2)
ξ (u1, u2) over all pairs of points

(u1, u2) separated by the same distance u:

∆ξ(u) =

∫
R2

du1du2 δ(u2 − u1 − u) ∆
(2)
ξ (u1, u2) . (9)

One finds by an explicit computation

∆ξ(u) =
D0

ξ2
∆adim

(
u/ξ
)

(10)

with ∆adim(û) the piecewise linear continuous function
that connects the values:

∆adim(û) = 2 for û = 0 , (11)
∆adim(û) = −1 for |û| = 1 , (12)

∆adim(û) = 0 for |û| ≥ 2 . (13)

The complete function is plotted in the inset of Fig. 2.
As a self-consistent validation of our procedure, we

evaluated numerically the correlator ∆ξ(u), and as
shown in Fig. 2 we find an excellent agreement with
the expression (10).

Figure 2. Numerical evaluation of the pinning force cor-
relator for 100 different disorder realizations with ε = 1
(gray lines) and its average (pink). In black dashed line we
show ∆ξ(u), the expected correlator given by Eq. (10) with
D0 = 1/12. In the inset, we show the adimensionalized force
correlator ∆adim(û) connecting the values of Eqs. (11)-(13).

C. Correlators in Fourier space and disorder
strength

One can check that
∫
R dû∆adim(û) = 0, as expected

for the ‘random-bond’ disorder we consider. To access
the disorder strength D, we switch to Fourier space
where we can more easily exploit the relation between
the correlators ∆ξ(u) = −DR′′ξ (u) from Eq. (1).

We first rewrite, similarly to Eq. (10), the random po-
tential correlator in terms of its adimensionalized ver-
sion, starting from its very definition

U(u)U(0) ≡ DRξ(u) ≡ D

ξ
Radim(u/ξ) . (14)
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First, by direct comparison with the definition in Eq. (4)
we can establish its relation to the variance D0:

D0 ≡ U(0)2 = DRξ(u = 0) =
D

ξ
Radim(û = 0) , (15)

and secondly the relation between the correlators
∆ξ(u) = −DR′′ξ (u) becomes

D0

ξ2
∆adim(û) = −D

ξ3
R′′adim(û) . (16)

Defining the Fourier transform along the transverse
direction as ∆̂adim(q̂) =

∫
R dû eiq̂û∆adim(û), one finds by

direct computation that it takes the simple form:

∆̂adim(q̂) = 16

[
sin q̂

2

]4
q̂2

. (17)

Defining similarly the Fourier transform
R̂adim(q̂) =

∫
R dû eiq̂ûRadim(û), Eq. (16) rewrites

∆̂adim(q̂) =
D

D0ξ
q̂2R̂adim(q̂) . (18)

At this point, we might think that we have some free-
dom to define R̂adim up to an arbitrary constant, but
we have in fact to enforce the imposed normalization∫
R duRadim(û) = 1 or equivalently R̂adim(q̂ = 0) = 1.
This is achieved by imposing D

D0ξ
= 1 and thus

R̂adim(q̂) = 16

[
sin q̂

2

]4
q̂4

⇒ lim
q̂→0

R̂adim(q̂) = 1 . (19)

Furthermore, we have by inverse Fourier transform:

Radim(û = 0) =

∫
R

dq̂

2π
R̂adim(q̂) =

2

3
. (20)

We have, at last, directly access to the disorder strength:

D
(15)
=

D0ξ

Radim(û = 0)

(20)
=

3

2
D0ξ . (21)

The last expression is valid for any random poten-
tial generated by a linear interpolation between uncor-
related random points, drawn from an arbitrary distri-
bution P(Uk) with zero mean and variance D0. For the
uniform distribution we consider, Eq. (4) implies

Duniform =
3

2
D0ξ =

1

8
ε2 . (22)

II. PARAMETERS OF NUMERICAL
SIMULATIONS

To solve the quenched Edwards-Wilkinson equation
(Eq. (1) of the main text) and compute the interface
roughness, we take advantage of massively parallel ac-
celerated computing with a CUDA C++ code running

in NVIDIA GPUs with a Volta architecture, in double
precision. At each simulation step we approximate the
second derivative of u along the y-direction by a two-
point central finite difference scheme and integrate in
time with a first-order Euler step. Pseudo-random num-
bers are generated with a counter-based RNG (Philox,
allowing 264 parallel and distinct streams with a period
of 2128 [1]). For the thermal noise, we use Gaussian dis-
tributed numbers while for the quenched disorder, we
use the method described in Sec. I (and in Sec. III in the
consistency check described in the same section): the
method consists in a linear interpolation of uniformly
distributed random numbers with the implementation
proposed in [2]. These random numbers, uncorrelated
from site to site, are dynamically generated along the
evolution of the interface, i.e. we build the disorder at
larger u only if the interface has locally wandered fur-
ther away.

Space discretization along the y-direction is set to 1
and time discretization to 10−2. We can simulate 4 re-
alizations of systems of 512 sites for 108 steps in ap-
proximately 8 hours. These scheme and parameters
give roughness functions in the clean case which are
in very good agreement with the theoretical prediction
(Eq. (4) in the main text). The corresponding roughness
of the simulated systems differs from the theoretically
predicted values in less than 10−4 for r ≤ 50 and less
than 10−3 for larger values of r (both, simulated and
predicted roughness functions are shown in Fig. 1 in the
main text). This excellent agreement is a strong consis-
tency check that provides a good support for the validity
of the numerical procedure in the disordered case.

III. DISORDER GENERATED FROM A
GAUSSIAN DISTRIBUTION

For the temperature T = 0.01, we determined the ex-
cess roughness BGauss

dis (r) for a disorder potential where
the Ui’s are distributed with a Gaussian distribution
with the same variance (Ui)2 = 1/12 as the uniform
one, see Eq. (4). On Fig. 3, BGauss

dis (r) is compared to
the excess roughness Bdis(r) computed –as in the rest
of the paper– for a disordered potential with the Ui’s
drawn from a uniform distribution, as described in sec-
tion I.

The results show that BGauss
dis (r) is very close to

Bdis(r). This provides a strong evidence supporting
the following points: in the asymptotic regime r → 0,
the power-law behaviour Bdis(r) ∼ r2ζdis is universal,
i.e. presents an exponent ζdis which does not depend
on the specific random-potential disorder distribution.
This is an important aspect, as the asymptotic regime
r → 0 where Bdis(r) presents the power-law behaviour
∼ r2ζdis could have been sensitive to the details of the
disorder correlator at small scales. Also, the prefactor A
in Bdis(r) ∼ Ar2ζdis is mainly governed by the variance
D0 of the disorder distribution (which is the same in the
uniform and in the Gaussian distribution we have used
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Figure 3. Roughness (dotted lines) and excess roughness
(continuous lines) at T = 0.01 averaged over 50 realizations
with increased statistics, obtained for disorders generated
from a uniform and a Gaussian distribution. In the inset we
show the difference between both excess roughness.

for P(u)). Last, we expect also that this prefactor A
depends, through a numerical constant, on the rescaled
shape ∆adim(û) of the disorder correlator. This is seen
in the small difference |BGauss

dis (r) − Bdis(r)| � Bdis(r)
shown in the inset of Fig. 3. Such difference also scales
as r2ζdis in the asymptotic regime r → 0, indicating that
indeed only the prefactor A is affected by the adimen-
sionalized shape of the disorder correlator.

IV. SCALING OF THE CROSSOVER
SCALE r1(T )

The crossover scale r1 is determined numerically by
the intersection between the two power-law scalings
Bdis(r) ∼ r2ζdis and the thermal regime Tr/c. The scal-
ing arguments presented in the main text indicate that
r1 scales with temperature as

r1(T ) ∼
{
T 1/[1−2(1−ζdis)] for T � Tc ,
T 5 for T � Tc .

(23)

To determine how our numerical results are compatible
with such predictions, we have used a fitting function

rfit1 (T ) = C Tα−
[
1 + (T/T ?)α+−α−

]
(24)

(where C and T ? are constants and α− < α+) that
interpolates between the regimes rfit1 (T ) ∼ Tα− for T �
T ? and rfit1 (T ) ∼ Tα+ for T � T ?. The prediction of
Eq. (23) corresponds to

α+ = 5 , α− = 1/[1− 2(1− ζdis)] . (25)

A first scenario where ζdis = ζthdis = 1 (according to the
perturbative analysis of [3], for instance) corresponds

to α− = 1. A second scenario where ζdis ≈ 0.9 < 1
corresponds to α− ≈ 1.25 > 1. To distinguish between
these two possibilities, we have fitted the values of r1(T )
obtained numerically with the function (24), where we
fixed the exponent α± and we left the constants C and
T ? as free parameters. As shown on Fig. 4, the data pro-
vide a strong evidence supporting the second scenario
ζdis ≈ 0.9 < 1. Also, leaving α− as a free parameter
for the fit, one finds α− ≈ 1.33 which corresponds to
the value ζdis ≈ 0.88: it is compatible with the value
ζdis ≈ 0.91 obtained in the main text with a completely
different method.

Figure 4. Behaviour of the crossover scale r1(T ). The points
are the result of numerical simulations, while the dashed and
full line curves correspond to the two scenarios discussed in
the text. The exponent α− ≈ 1.25 > 1 is more compatible
with the numerical data, and corresponds to ζdis ≈ 0.9 < 1.

V. DETERMINATION OF THE BEST VALUE
OF ζdis

To obtain ζdis from the numerical data presented in
the main text, we fit Bdis(r, T ) independently for each
value of T in the range r = [1, rf ]. For the nine low-
est temperatures we have studied, we find values of ζdis
between 0.9 and 0.92. To determine the best value of
this exponent that is compatible with every tempera-
ture we considered, we rely on the following scaling ar-
gument. We predict that Bdis(r0, T )/r2ζdis

0 should be
independent of r0 for all temperatures T . In Fig. 5,
we illustrate that the best choice of ζdis that ensures
this collapse is ζdis = 0.91 ± 0.01. We quantify the
spread of the functions Bdis(r, T )/r2ζtest around their
mean value for different values of ζtest by computing the

function FT,r(ζ) = ΣT,r

(
Bdis(r,T )/r2ζ−ΣriBdis(ri,T )/r2ζi

ΣriBdis(ri,T )/r2ζi

)2

with ri = 1, . . . , 5, for the 5 lowest studied temperatures.
The resulting function has a minimum in ζ = 0.91, as
shown in the inset of Fig. 5.
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Figure 5. Numerical collapse of the excess roughness, described in the text, for values ζtest of ζdis ranging from 0.89 to 0.93.
The value achieving the best collapse is ζdis = 0.91. At 0.91 the function FT,a(ζ) (see text) has a minimum, as shown in the
inset. The different dashed lines correspond to the value of a indicated in the caption.
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