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The theory of disordered elastic systems is one of the most powerful frameworks to assess the
physics of multiple systems that span from ferromagnets to migrating biological cells. In this for-
malism, one assumes that the system can be described with a displacement field. This field can
represent an interface position, the deformation of a vortex lattice or charge density waves in semi-
conductor devices, among others. By construction, this field is univalued and ’smooth’, and, even
if experimental realisations of it can be far from this description, the consequences of these approx-
imations have not been yet fully explored. We present a new observable to measure the roughness
of displacement fields that can be beyond the elastic limit and can contain overhangs and other
defects. Our observable represents a stepping stone towards the construction of a general theory for
interfaces.

I. INTRODUCTION

Interfaces are collective structures that emerge as a
consequence of the coexistence of two (or more) states
in a system. These emergent structures minimise their
energy by adopting the shortest possible length, thus be-
coming essentially flat for ideal clean (non-disordered)
systems with two coexisting phases. In presence of
thermal activation or structural disorder interfaces can,
however, adopt more complicated shapes with a ’jig-
gling’ shape: interfaces are deformed and become even-
tually rough. The jiggling structure is a consequence
of the competition between the micro and macroscopic
interactions present in the system and thus reveals its
underlying physics.

One of the most successful frameworks to characterise
the physics of interfaces is called Disordered elastic sys-
tems or Disordered elastic manifolds. In this formal-
ism, one assumes that interfaces can be described by
a displacement field u(x). Beyond describing an inter-
face position, u can also represent a displacement field
measuring the deformation of a vortex lattice or charge
density waves in semiconductor devices. Characterising
its statistical properties is thus highly relevant in many
contexts [1].

The roughness of an interface can be measured
as 〈[u(x) − u(y)]2〉, the averaged correlations of the
quadratic displacements of the function u, and has
served as a useful tool to assess the physics of dif-
ferent systems at multiple scales. These scales range
from experimentally inaccessible distances to multi-
ple decades, thus providing an overall assessment of
a system’s properties. The roughness power-law be-
haviour(s) reveals the (multi)-interactions dominating
the physics of a system and thus, it has been widely
computed to characterise diverse experimental systems
with very different microscopical details that span from
thin ferromagnetic [2–14] or ferroelectric films [8–10, 15–
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20], cell fronts [21–24], bacterial colonies [25], crack
fronts [26, 27] to contact lines [28, 29].

The roughness scaling, in conjunction with that of
other observables (as for example, the scaling of the
overall interface velocity) has been successfully used to
determine the universality class to which a numerical,
experimental or analytical system belongs [13, 30–35].
The available tools to compute the roughness of an in-
terface rely on the determination of the function de-
scribing the interface position u [1, 36]. This definition
assumes, by construction, that the interface is unival-
ued and lacks an internal structure (for example a finite
width). It is, however, highly non-trivial in some cases
to determine the function u, and in many cases, one has
to depend on uncontrolled approximations. Besides, the
effects of overhangs are essential to understand the over-
all behaviour of interfaces [37].

In this work, we present a new observable to assess
the roughness of interfaces. Our observable relies on the
computation of the correlations of the Fourier transform
of the interface ’density’, thus being readily applicable
to the study of a broad spectrum of interfaces, including
those multivalued or with an internal structure. Our
observable thus represents a stepping stone towards the
construction of a general theory for interfaces, since it
allows for the characterisation of the effects of structures
that are usually discarded due to the lack of proper tools
to characterise their properties.

We showcase the potential of our observable by
analysing interfaces in a Ginzburg-Landau model. This
allows us to benchmark our observable: we show how
our observable can capture the roughness of interfaces
subject to thermal fluctuations and recover analytical
predictions.

Our tool allows us to probe the roughness of systems
at high temperatures, where it is seemingly more diffi-
cult to determine an univalued function describing the
interface position. We show that even in this case, the
roughness can be very well described by a power-law
with the expected thermal exponent ζ = 0.5, but with
a prefactor higher than the one predicted by the elastic
theory. Moreover, we show how our procedure for inter-
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face detection, based on the zero-temperature solitonic
solution is an accurate method to detect interfaces in
these models [38].

Our observable opens the path to explore the effects of
defects in interfaces’ roughness, the effects of different
approximations usually used to force interfaces to an
elastic line description and moreover, it can allow others
to characterise highly irregular experimental realisations
of interfaces.

II. OBSERVABLE DEFINITION

Given an interface described by a function u(y) R→
R separating two different homogeneous states of a sys-
tem hosted by a surface Ω ∈ R2 we can define the inter-
face density as

ρ(x, y) = δ(x− u(y)) =

∫
Ω

dλeiλ(x−u(y)). (1)

Its one-dimensional Fourier transform in x satis-
fies F [ρ(x, y)] = ρ̃(q, y) =

∫
BΩ

δ(x − u(y))e−iqxdx =

e−iqu(y), so we can write

χ(q, y) = 〈ρ̃(q, y)ρ̃(−q, y′)〉 = e−
q2

2 〈[u(y′)−u(y)]2〉

= e−
q2

2 B(r),
(2)

where we have assumed that the stochastic variable
u obeys a Gaussian distribution and the roughness is
B(r = y′ − y) = 〈[u(y′) − u(y)]2〉. Eq. 2, shows that
the observable χ can give us access to the roughness of
an interface without the need to define the univalued
function u(y) nor the interface position, provided that
a ’density’ for the interface can be computed.

III. ASSESSING THE ROUGHNESS OF
INTERFACES IN A GINZBURG-LANDAU

MODEL

Our observable χ (Eq. 2) is a general tool to assess
the roughness of interfaces defined in a surface. Here,
we showcase its potential by applying it to analyse inter-
faces in a Ginzburg-Landau-type model. These versatile
models have been proven useful to assess the effects of
different protocols over interfaces in conjunction with
bulk properties [32, 39–41]. At the same time, these
models provide a benchmark to analyse the applicabil-
ity of our observable. It can be shown that a Ginzburg-
Landau model can be reduced to an elastic line descrip-
tion [38] for which precise analytical calculations can be
performed.

We consider a system with two preferred homoge-
neous states described by a local non-conserved order
parameter ϕ(~r, t). The system is ruled by a Hamilto-
nian H([ϕ]) =

∫
d~r
[
γ
2 |∇~rϕ|

2 + V (ϕ)
]
, where ~r ∈ R2

and V (ϕ) = −α2ϕ
2 + δ

4ϕ
4 is the double-well potential

establishing the value of the order parameter in the two
preferred homogeneous states ±ϕ0 = ±

√
α/δ and γ is

the amplitude of the elastic cost associated to deforma-
tions of ϕ.

At finite temperature T the order parameter evolution
is given by a Langevin equation

η∂tϕ = −δH[ϕ]

δϕ
+ ξ = γ∇2

~rϕ− V ′(ϕ) + ξ , (3)

where η is the microscopic friction and ξ = ξ(~r, t) is
a Gaussian white noise with zero mean and two-point
correlator

〈ξ(~r2, t2)ξ(~r1, t1)〉 = 2ηTδ2(~r2 − ~r1)δ(t2 − t1). (4)

The interface density can be defined through a Fourier
transform of the gradient of the order parameter over x

ρ̃(q, y) = Fx[∇xϕ(x, y)] = −iqϕ̃(q, y) (5)

The roughness density (2) is then given by

〈ρ̃(q, y)ρ̃(−q, y′)〉 = q2〈ϕ̃(q, y)ϕ̃(−q, y′)〉. (6)

Since we are interested in assessing the roughness of
interfaces we consider a system with Dirichlet bound-
ary conditions ϕ(±∞) = ∓ϕ0. The soliton or kink-type
profile that minimises the energy of the system at zero
temperature in absence of disorder under these bound-

ary conditions is given by ϕ∗, such that − δH[ϕ]
δϕ

∣∣∣
ϕ∗

= 0.

The explicit solution is

ϕ∗(x, y) = −ϕ0 tanh
(x− u(y)

w

)
. (7)

The parameter w =
√

2γ
α represents the width of the

interface, while ϕ0 =
√

α
δ are the preferred values ±ϕ0

for the order parameter, and u(y) defines the interface
position.

The solitonic solution (7) implies that from (6) we can
obtain the roughness as

B(r) = − 2

q2
ln
χ(q, r)

χ0(q)
, (8)

where we have defined the form factor

χ0 =
(wπq)2

sinh2(wπq/2)
, (9)

This corresponds to the roughness density of a
Ginzburg-Landau interface at zero temperature. Get-
ting the roughness of an interface only relies on know-
ing the function ϕ(x, y) describing the state of the sys-
tem, as is usually the case in experiments. For ex-
ample, when observing domain walls in ferroelectrics
with atomic force microscopy or ferromagnets with po-
lar magneto-optic Kerr effect microscopy one usually ob-
tains a two-dimensional image where each pixel (whose
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size is determined by the experimental resolution) rep-
resents the system’s local state of the polarisation or
magnetisation, respectively. In this case we can have
access to the roughness by computing χ(q, r) which does
not require defining a function describing the interface
position. We highlight that the form factor χ0(q) is
system-dependent. If the form factor is not known for
a particular system then the roughness will be obtained
up to a prefactor.

To illustrate how our observable works, we numeri-
cally solve (3) in a system of size L × Ls with fixed
Dirichlet boundary conditions (we fix ϕ = ±ϕ0 in the
region x ∈ [0, LD] and [Ls − LD, Ls], with L = 4096,
Ls = 256, and LD = 8) along the x-direction and peri-
odic boundary conditions in y. Since a linear transfor-
mation of (3) allows us to write the equation in reduced
units, in the following, distance time and temperature

are given in units of
√

γ
η , η

α and
√
γη

α , respectively. We

use a discretization step in time equal to 0.1 and in space
equal to 1.

Contrary to the elastic line description where an in-
terface position is explicitly described, in a Ginzburg-
Landau model the interface of a system is given by a
finite-size region where the order parameter continu-
ously changes from one preferential value to the other
(±ϕ0). To benchmark the roughness extraction through
our observable χ (Eq. 2) we first ’detect’ the interface
position by assuming that it can be defined by a one-
dimensional function u(y). We fit ϕ(x, y) at each y-value
with the solitonic profile (Eq. 7) with fitting parame-
ters ϕ̂0, û and ŵ, which is the exact solution at zero
temperature and a precise method at sufficiently small
temperatures, as discussed in the following.

An interface described by a function uEW (y, t) evolv-
ing according to the Edwards-Wilkinson equation [42]

η̃∂tuEW = c∂2
yuEW + ξ̃, (10)

with friction η̃, elasticity c, and temperature T [38]
which was initially flat has a roughness evolution given
by

B(r, t) =
Tr

c

[
1− 1√

πzr

(
e−z

2r2

− 1
)
− 2√

π

∫ zr

0

e−t
2

dt

]
,

(11)

where z =
√

η̃
8ct . One can show that by relating

the elastic line and Ginzburg-Landau parameters as

η̃ = η 2
√

2
3

α
δ

√
α
γ c = 2

√
2

3
α
δ

√
αγ [38] an interface evolv-

ing at sufficiently small temperatures will show the same
roughness evolution at both levels of description.

As can be observed in Fig. 1 our method for inter-
face detection with the solitonic fitting procedure is
very precise in the small-fluctuations limit (and fairly
good at higher temperatures as we discuss later in the
manuscript): the roughness of interfaces in a clean sys-
tem and relatively low temperature (T = 0.05) behave
as the expected one for equivalent elastic lines. In this

case, we obtain a Gaussian probability distribution for
ŵ around the equilibrium value w =

√
2 with standard

deviation σŵ = 0.25, and ϕ̂0 as well, Gaussian centred in
0.99, with standard deviation σϕ̂00.01 at all the studied
times.

We obtain the roughness through our observable with
(8). For each simulation we compute χ(q, r) (Eq. 6).
Since the solitonic solution is only exact at zero tem-
perature, our observable will reflect all the fluctuations
present in the system, including those at the bulk level.
The bulk fluctuations are only reflected in our observ-
able at short distances (r < 5, see SM for a discussion
on the bulk contribution to the roughness density). We

obtain the roughness B(r) by fitting f(q) = −2 ln χ(q,r)
χ0(q)

with a linear function of q2 (by assuming a zero inter-
cept): the slope of the fitted function is the roughness at
a distance r (Eq. 8). In Fig. 1 we show how this method
gives access to the roughness function of an interface
without having to define an univalued function describ-
ing the interface position. By adding disorder to the
system (ε = 1) we observe that the obtained roughness
is indistinguishable for both methods (with the interface
detection and with our new observable χ), as shown in
the Supplementary Material (SM).

Our observable χ serves to assess the roughness of
interfaces without the need to define the interface posi-
tion. This has several advantages, for example, allow-
ing us to analyse the roughness of interfaces which are
beyond the elastic limit, i.e., those with overhangs or
those for which the solitonic fitting procedure can be a
rough approximation. However a deeper analysis of this
situation will be done in a forthcoming paper, here, we
probe the roughness of interfaces subjected to high tem-
peratures for which fluctuations break the elastic line
behaviour.

We now study the roughness of interfaces that evolved
for a time t = 106 at different temperatures T =
0.05, 0.1, 0.3 and 0.5 with our two methods. i) The
first one is based on fitting ϕ at each y-value with a
solitonic solution from where we extract the interface
position u and then compute its quadratic correlations,
while in the second one ii) we use our new observable,
the roughness density of eq. 6, for which the roughness
determination is reduced to find the slope of the best fit
of −2 ln(χ/χ0) with a linear function of q2 at each posi-
tion y. As observed in Fig. 2 the roughness of Ginzburg-
Landau interfaces that evolved from a flat initial condi-
tion at different temperatures T = 0.05, 0.1, 0.3, 0.5 av-
eraged over 50 realisations (100 for the highest studied
temperature) in all cases follows a power-law behaviour.
At small temperatures, the roughness of these inter-
faces behaves as those of elastic lines whose dynamics
are ruled by an Edwards-Wilkinson equation given by
Eq. 11 with equivalent parameters. Remarkably, both
methods of roughness computation are equivalent at all
studied temperatures. In particular, even though the
interface is not univalued at the highest studied tem-
peratures, the effect of these ’defects’ is to increase the
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Figure 1. a) Part of an interface in a Ginzburg-Landau model that evolved for a time t = 106 from a flat initial condition at
T = 0.05. Some of the solitonic profiles used to fit ϕ(x, y) along the x-direction to obtain the approximate interface position
u(y) (continuous red line) are shown in red dashed lines. b) Roughness density χ (as defined in Eq. 6) for y = 20 as a function

of q, the Fourier transform along the x-direction variable. For comparison, we also show the quantity e−q/2B
∗(y=20)χ0 (dashed

lines), where B∗(y) is the roughness of the interface u(y) computed as 〈∆u2〉: this quantity is in excellent agreement with χ.
The form factor χ0 (Eq. 9) is shown in dotted lines. c) To obtain the roughness from χ, we compute −2 ln(χ/χ0) (here shown
in squares for y = 20) and fit it with a linear function of q2 in the region that gives the best fit, highlighted in grey (also shown
in b)). The slope of the fitted function is the value of the roughness obtained from χ. d) Roughness of a Ginzburg-Landau
interface that evolved from a flat initial condition evaluated at different simulation times t = 10i, for i = 2, 3, 4, 6 averaged
over 10 realizations obtained with two different methods: one through the detection of the interface position u(y) by fitting
the order parameter ϕ with a solitonic solution (dashed lines), and a second method presented in this work that relies on
the computation of the roughness density χ (Eq. 2) (continuous lines). The roughness of this interface behaves as that of an
elastic line whose dynamic evolution is ruled by an Edwards-Wilkinson equation (dotted black lines, given by Eq. 11) with
equivalent parameters.

Figure 2. Configurations of the Ginzburg-Landau order parameter ϕ(x, y) at a) the lowest (T = 0.05) and b) highest (T = 0.5)
studied temperatures after evolving for a time t = 106 from a flat initial condition and its projections on the x − y plane
(top) and minus their absolute value (bottom). We show in red dashed lines some of the solitonic profiles resulting from
fitting ϕ(x, y) at each y-value to determine the interface position. For comparison, and to highlight the irregular nature of the
interface at the higher temperature, we show in cyan all those contours where ϕ is equal to zero. At the lowest temperature,
both methods of interface detection give very similar results. However, this is not the case at the highest temperature where
the bulk and interface fluctuations are approximately of the same order. c) Roughness of Ginzburg-Landau interfaces that
evolved from a flat initial condition at different temperatures T = 0.05, 0.1, 0.3, 0.5 averaged over 50 realisations (100 for the
highest studied temperature) obtained with two different methods: one through the detection of the interface position u(y)
by fitting the order parameter ϕ with a solitonic solution (dashed lines), and a second method presented in this work that
relies on the computation of the roughness density χ (Eq. 2) (continuous lines). At small temperatures, the roughness of
these interfaces behaves as those of elastic lines whose dynamics are ruled by an Edwards-Wilkinson equation (dotted lines,

given by Eq. 11) with equivalent parameters. The fit of the roughness obtained through our method with a power-law T̂ r2ζ̂/c

are shown in dot-dashed lines. In all cases, we obtain ζ̂ = 0.5, and an effective temperature as indicated in the same colour
in the figure.
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roughness prefactor while keeping the expected thermal
power-law exponent. Fittings of the roughness obtained

through our method with a power-law T̂ r2ζ̂/c are shown
in Fig. 2. In all cases we obtain a roughness exponent

ζ̂ = 0.5 and a higher effective temperature than the one
predicted by the elastic theory. To highlight the irregu-
lar structure of the interfaces at the highest studied tem-
perature, we have computed the contours for which the
order parameter takes a zero value. As shown in Fig. 2,
the contour plot of the interface at the lowest studied
temperature is almost indistinguishable from the inter-
face position u(y) obtained through the solitonic pro-
file fitting procedure. However, at the highest studied
temperature, the zero-contour detection showcases the
appearance of many ’defects’ as bubbles and overhangs,
for which an interface is not well-defined, both meth-
ods of roughness computation give essentially the same
result.

IV. CONCLUSIONS

We present a new observable to assess the roughness
of interfaces defined over a surface. Our observable re-
lies on the calculation of the roughness density, and as
a consequence does not require defining a function de-
scribing the interface position.

We showcase the potential of our method by bench-
marking its predictions with a Ginzburg-Landau model
for which analytical calculations can be made in the
small fluctuations limit. We show that the roughening
in time of an initially flat interface as a consequence of
the competition of thermal fluctuations and the inter-
face elasticity is very well captured by our observable.

Moreover, we study the roughness of highly irregular
interfaces beyond the small fluctuations limit at high
temperatures. Despite the highly irregular features of
interfaces in this case, we show that the roughness still
follows a power-law behaviour with the thermal power-
law exponent predicted by the elastic theory. However,
we observe that the prefactor of this power law, pre-
dicted to be essentially -in the infinite time and space
limit- the coefficient of the temperature and the inter-
face elasticity, is higher than the expected one. Our
results show that highly fluctuating interfaces have a
higher effective temperature.

Our observable is highly relevant in a two-fold con-
text. From an experimental point of view, realisations
of interfaces with standard imaging techniques usually
reveal the system’s state. In this case, our observable
provides a measure of the interface roughness directly
over the analysis of the experimentally obtained image
(and does not require obtaining the interface position).
From a theoretical point of view, our observable allow us
to explore the so far intractable consequences of bubbles
and overhangs in the roughness calculation, and thus in
the determination of the universality class to which a
system belongs. We explore these consequences in a
forthcoming paper.
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Supplementary material

BULK CONTRIBUTION TO THE ROUGHNESS
DENSITY

At short distances y, the bulk fluctuations play an
important role and hinder the roughness interface con-
tribution to the observable χ. The bulk contribution to
our observable can be computed by proposing a fluctu-
ating soliton solution for Eq. 3 of the form

ϕΛ(x, y, t) = ϕ∗(x− u(y, t)) + Λ(x, y, t), (S.12)

and a fluctuating density

ρ(x, y) =
1

w
ρ0

(x− u(y)

w

)
+ Γ(x, y), (S.13)

where Γ = ∇xΛ takes into account the thermal fluc-
tuations around the equilibrium density ρ0, and satisfy
〈Γ(x, y)Γ(x′, y′)〉 = RΓ(x− x′, y − y′).

Now, our observable χ is given by

χ(qx, y) = 〈ρ̃(qx, y)ρ̃(−qx, y)〉 =

〈eiqx(u(y)−u(y′))〉
[
R̃(qx, w) + R̃Γ(qx, y

′ − y)
] (S.14)

where we have defined the functions

R̃(qx, w) =

∫ ∞
−∞

dxdx′eiqxx
1

w2
ρ0

(x− x′
w

)
ρ0

( 0

w

)
,

R̃Γ(qx, w) =∫ ∞
−∞

dxdx′eiqx(x−x′)〈Γ(x+ u(y), y)Γ(x′ + u(y′), y′)〉.

(S.15)

To obtain an equation for Λ we assume that u and
the bulk fluctuations are independent. In Fourier space,
and assuming that eq. S.12 is a solution of the Langevin
equation (eq. 3) we obtain

η∂tΛ̃ = [V ′0 − γ(q2
x + q2

y)]Λ̃ + ξ̃, (S.16)

where we have expanded −V ′(ϕ + Λ) ' −V ′(ϕ) +

ΛV ′0 and used the fact that δH
δϕ |
∗
ϕ = −γϕ∗′′ +

V ′(ϕ∗) = 0. Eq. S.16 has a solution Γ̃ = iqxΛ̃ =∫ t
0
dt′e(V ′0−γ~q

2)(t−t′)ξ̃t′ , whose correlations satisfy

〈Γ̃~q,tΓ̃−~q,t〉 =
−ηTq2

x

γ(A2 + q2
y)

[
e−2γ(A2+q2

y)t − 1
]

(S.17)

with V ′0 = −2α, A2 = q2
x + 2α/γ. For t→∞

R̃Γ(qx, y, t→∞) =
T

γ
q2
x

e−y
√
q2
x+2α/γ√

q2
x + 2α/γ

(S.18)

As shown in Fig. 3 this function describes fairly well
the bulk contribution to our observable χ (eq. 2).
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Figure 3. We compute the roughness density χ (Eq.6) for a domain wall (continuous lines) and a single domain (dashed
lines) in a Ginzburg-Landau model at temperature T = 0.05 (violet) and T = 0.5 (orange) averaged over 30 realisations
for a) y = 2 and c) y = 10. The bulk contribution can be roughly estimated by assuming a fluctuating solitonic solution
(eq. (S.18)) (shown in dotted red lines). The form factor corresponding to the zero temperature roughness density, χ0, is
also shown in grey dashed lines. In b) and d) we show the value of −2 ln(χ/χ0). In c) and d) we show the region for which
we get the best fit of −2 ln(χ/χ0) as a function of q2 with a linear function.
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